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1. History of light deflection

Isaac Newton
(1704)

Johann Georg von Soldner
(1801)

Albert Einstein
(1907)




1.1 A comment of Isaac Newton
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e Isaac Newton in "Opticks" (1704):

"Do not bodies act upon light at a distance, and by their
action bend its rays? And is not this action strongest at
the minimal distance?"



1.2 Does Newtonian theory predict light deflection?

e Johann G. von Soldner (1801): light deflection in flat space

birthplace
Georgenhof

(in Bavaria)

~

Monument in Munich Street in Furth

Uber die Ablenkung eines Lichtstrahls
Astronomisches Jahrbuch 1801, pp. 161 - 172, Berlin.

® highly remarkable: J.G. v. Soldner’s motivation was astrometry



e v. Soldner: light composed of corpuscles with mass m # 0
e light corpuscles propagate in field of body with mass M
GMax

5 1

max=—m

light corpuscles with mass m

AB: x(to) , (t,)
light source

€,
r:| T | v d ... impact parameter
€y

body with mass M



e dividing both sides by m yields differential equation (ODE)
GMx
- r3 (2)

xr =

e exact solution of ODE (can be treated like Kepler problem)

first integration: coordinate velocity of light corpuscles

GM ,
FITE) (ew sin¢ (t) — e, (cos ¢ (t) + e))

& (t) = —

(3)

second integration: trajectory of light corpuscles

x(t) = 1—1—65)8'@25(75) <ex cos ¢ (t) + e, sin ¢ (t)> (4)

where the angle ¢

GM  (1+ecoso(t))’
d(l1+e) d(l+e)

o(t) =



parameter p and numerical eccentricity e

p = d(l+e)
d
e = ——F —
GM/c?
angle « of total light deflection is defined by
a | (t— o) x(t—0)
— = arcsin |— _
2 |z (t = o00)|  |&(t — 0)]
2GM
light deflection : o= —;
c2d

o = 0.84 arcsec at Sun, which is one-half of GR value

(5)

(6)

result in Eq. (6) has also been found by Henry Cavendish

in 1784, but he never has published his investigation
¢ enters equation via initial condition & (t — 0) = cp



e v. Soldner did not know that (rest) mass of light is zero: m =0

. GMax . GMx
max = —m—3 r—= — 3 (7)
r r
o.k. but useless nonsense

e SRT (Einstein, 1905) states that rest mass of light is zero: m = 0
e Clearly, dividing by m = 0 is meaningless. Let's consider an example:

o.k. but useless

nonsense

e —> Eq. (7) has no justification for massless particles m = 0

® but Eq. (7) not total nonsense for massless particles (cf. Eq. (21))



1.3 Light deflection by equivalence principle
e Albert Einstein (1907, 1911): equivalence principle

1. Relativititsprinzip und die aus demselben gezogenen Folgerungen
Jahrbuch der Radioaktivitit 4 (1907) 411 — 462.

2. Uber den Einfluss der Schwerkraft auf die Ausbreitung des Lichts
Annalen der Physik 35 (1911) 898 - 908.



e equivalence principle: completely new approach to
determine light deflection in gravitational fields

E, mv, Dol v,
s System K in a homogeneous gravitational field €
g V1 > V2| | equivalent to uniformly accelerating System K’ s Vi >Va
EE mv i (Dl & = V1
(€, &) a ': g (50,8
System K’ ] ] I l J J l System K
- (tz -
a = const. inertial g = const.

laboratory in uniform acceleration System Ko

laboratory at rest in homogeneous field
D=0y — P =g¢

e Einstein considers a light signal in System K’ from &, to &;

e Doppler effect implies: v1 = 15 (1 +v/c) (where v =at,t =¢/c)

i.e.

Vv > s

(8)



e from equivalence principle follows in K ($ = &3 — ®; hence & >0 ):

o

V] = Uy (1—1—2) ie. 11>
c

(i) number N of periods is the same at & and &
(i) frequencies: vy = N/Aty and v1 = N/Aty
e Einstein (1907,1911): time depends on grav. potential:

(9)

E, L\ At, @ (|5, i\ A,
s . System K in a homogeneous gravitational field B
g A1, >A7,| | equivalent to uniformly accelerating System K’ g A1, > ATy
g LAy ) B Me S Ay
‘ (€ &) atg (B3]
System K’ ] | | | l J J l System K
a = const. (t.2) inertial g = const.
laboratory in uniform acceleration System Ko laboratory at rest in homogeneous field
Ay = A7y (1 + 2) ie. Am > An (10)
C




e from Eq. (10) follows line element (Rindler metric)
ds® = — (1+ &/ ¢ d&y? + de* = 0
—> speed of light depends on grav. potential:

P
Co = Cq (]. + 2) ie. >0 (11)
C

e from Huygens principle Einstein concludes light deflection:

System K in a homogeneous gravitational field
equivalent to uniformly accelerating System K'| ~2

plane wave 7 plane wave

By Cads 7 cp>¢y a=g @ C2>0Cy
Vo (k) &8
System K’ System K
Ll (ta) L
a = const. inertial g = const.
laboratory in uniform acceleration System Ko

laboratory at rest in homogeneous field



e for ® = —GM/r the light deflection is given by:

t=00 t=00
«@ 1 0P g a GM / x - dx
= — . dx —_ =
2 2 or c? r3
t=0 t=0
Integration runs along unperturbed light ray
light source e
/ 4]:1;// N

e o = (.83 arcsec at Sun, which is one-half of GR value

Ty d
(1)
e,
€y

body with mass M

x(t) = te, +de,

de =dte,

light deflection :

o =

2GM
c2d

(12)

(13)

e recall: o = 0.84 arcsec at Sun by J.G. v. Soldner in 1801
e c enters equation via Doppler and equivalence principle



1.4 The correct value of light deflection

e Einstein 1911: time is curved but space is still flat
e Exact field equations 1915: time and space are curved

= correct light deflection

29
Cy =0y (1 + 2) ie. ¢ >0 (14)
c

4GM
c2d

light deflection : o = (15)

o = 1.7arcsec at Sun, which is the exact GR value

® historically: this correct result was given in November 1915 in:

A. Einstein: Erklarung der Perihelbewegung des Merkur aus der
allgemeinen Relativititstheorie

Preussische Akademie der Wissenschaften 3 (1915) 831-839.



2. Field equations of general theory of relativity

Albert Einstein
(1915)




e Albert Einstein (1915): general theory of relativity (GR)

1016, £

ANNALEN DER PHYSIK.
VIERTE FOLGE.  BAND 49,

Die Feldgleichungen der Gravitation.

1. Die Feldgleichungen der Gravitation
Preussische Akademie der Wissenschaften 4 (1915) 844-847.
2. Die Grundlage der allgemeinen Relativitatstheorie

Annalen der Physik 49 (1916) 769 - 822.



e field equations of gravity (k = 87 G/c*)

1
Ry — 9 I R=rTw = gw (16)

energy-momentum tensor: T,
Ricci tensor:
R, =10 ,—1%, ,+ 12,15, —1% 17,

po v optpv

Christoffel symbols:
F/?u =g’ (961, + 9pv, 5 — Guw,8) / 2

e metric g,, of physical manifold M determined by (16)
e physical space-time is a pair (M, g,.)



weak gravitational fields = metric is decomposed

G = N + hy  with  |h,,| < 1

where 7, = diag (=1, +1,+1,+1)

background space-time is a pair (Mo, 7,,,)

fields h,, propagate in flat background manifold M,
reduced field equations (harmonic gauge: E’WW =0)

O™ = =2k (7" 4 t") (17)

h,., determined by reduced field equations of gravity (17)
Eq. (17) wave-equation in flat space-time: O = n**0, 0,
T = —gT" where g is the determinant g = det (g,,)
t" = —gT1i + (E/m’ﬁﬁvﬂ’a — EWJXB Eaﬁ) /2K

metric density: A" = np — /=g g"



2.1 Post-Minkowskian expansion

e expansion of g, w.r.t. G" (weak-field)

e 1PM expansion of metric tensor

s = s+ 1 + O (G2)

e 2PM expansion of metric tensor

G = N + RPM) hLQVPM) +0 <G3>

uv

e 3PM expansion of metric tensor

G = T + R(PM) h/(fyPM) + h/(j%yPM) +0 (G4)

uv




2.2 Post-Newtonian expansion

e expansion h,, w.r.t. ¢ (weak-field slow-motion)

e 1PN expansion of metric tensor

Guv = Nuw + hﬁfy) -+ O <C_3>

e 1.5PN expansion of metric tensor

Guv = N + hgl,) + hl(f;’) + O (0_4)

e 2PN expansion of metric tensor

Guv = N + hl(fy) + h/'ggy) + hﬁtx) + O (C_5)




2.3 Example: body at rest

e body's center-of-mass at rest w.r.t. harmonic coordinates
time-dependent multipoles ML, S

[ ]
° ML : body of arbitrary shape, structure, and oscillations
o Sp: body in arbitrary rotation and inner currents

field point t’m K

Q shape and inner structure

retarded time

s=t—r/c r=|z|



2.3.1 Metric of a body at rest in 1PM approximation

hie™ (tx) = +

M (tw) = +

™ e) =+

r



2.3.2 Metric of a body at rest in 1.5PN approximation

2G & (-1)' 4~ My

h? (¢ = +— —
o0 () +02§) I aLr ;
42 (=D s S
h(g) t, = +— ia aa —
o (¢,) ng(l+1)!€b L—1
4G & (-1) 4 MiL—l
+§l:21 TR
2G & (1)« M
1=0

e with the STF differential operator

A 0 0
aL — STFHZZ % . o axil




2.3.3 The mass-multipoles and spin-multipoles

e mass multipoles

ML:/d3$.f7L 24—0(672)

e spin multipoles

SL = /dSCL' €ik<iy £L71> .Q?j Ek + @ (672)

o where ¥ = (T% + T*) /¢ and S* = T%/c
with T°7 is the stress-energy tensor of body



3. Theory of light propagation

curved space-time

M

Actual
direction
to star

2
¢ Apparent
: ection
to star
Curvature of
space by mass
of the body g

< geometry of space-time
gbsciver and light trajectory
determined by metric g,




e astrometry needs to determine light trajectory x (t)

e geodesic equation

g+rw———rg, =0 = x(t)| (18)

for light (Einstein, 1914)

A. Einstein:

Die formale Grundlage der allgemeinen Relativititstheorie

Preussische Akademie der Wissenschaften 2 (1914) 1030.



3.1 Post-Minkowskian expansion of light trajectory

e 1PM expansion of light trajectory
z (1) = ax + Azipy + O (G?)

e 2PM expansion of light trajectory
x (t) = N + Axipm + Azopy + O (G3)

e 3PM expansion of light trajectory

x (t) = xx + Azxipy + Axopy + Axzpy + O (G4)

where xy is the unperturbed light ray:

ey =xg+c(t—ty)) o

(19)



3.2 Post-Newtonian expansion of light trajectory

e 1PN expansion of light trajectory
z (1) = an + Azipy + O ()

e 1.5PN expansion of light trajectory

x (t) = xx + Axipy + Az 5pn + O (0_4)

e 2PN expansion of light trajectory

x (t) = xn + Axipy + Az 5pn + Axopy + O (0_5)




4. Theory of light propagation: bodies at rest

harmonic coordinate
system is asymptotically
Cartesian

body’s center-of-mass is at rest
with respect to the harmonic
coordinate system




4.1 Light propagation in field of monopole at rest

__ unperturbed light ray

N Ch

light trajectory .. O Jightat
Ve R N
light at z(t) °
t+o
body A at rest
4GM 1
(o.M ) = — = « = l.75arcsec at Sun | (20)
» 1PN 2 d
g

® historically: this correct result was given in November 1915 in:
A. Einstein: Erklarung der Perihelbewegung des Merkur
Preussische Akademie der Wissenschaften 3 (1915) 831-839.



e geodesic equation (14) in 1PN for monopole

_w +4GML;B0' (21)
-

xr =
r3

————
2 x Soldner , cf. Eq. (7)

e first integration of geodesic equation (14) in 1PN

Azlhy ~ 2GM o 2GM d, (a-mN N 1)
c N 2 (d,)?

IN

e V. A. Brumberg: Essential Relativistic Celestial Mechanics
1991, Adam Hilger, Bristol

. 2G M\ . . 29
e note: |z :c<1— 5 ) e |xl :c<1—|—2)
2y c

e in agreement with Eq. (14)



4.2 Light propagation in field of quadrupole at rest

__ unperturbed light ray
zN(t)\\‘
exact light ray D W L s
ightat (1)

t— +

=2::..__O lightat
g 19

t—-o

massive solar system body

e total light deflection caused by quadrupole:

5 (o) < AN (P’

2 d,

do

e S. Klioner: Sov. Astronomy 35 (1991) 523



4.3 Light propagation in field of spin-dipole at rest

__ unperturbed light ray

(R

lioh PR Ilghtsource
exactlightray —  \ __.------7---C ey :
s .. O
v S o
(o)
lightat (1)

t— 4+

massive solar system body

e total light deflection caused by spin-dipole:

(otin)] = 5

2 IS] (23)

e S. Klioner: Sov. Astronomy 35 (1991) 523



4.4 Light propagation in field of multipoles at rest

® advanced integration methods to get @ (¢), @ (t) by S. Kopeikin
S. Kopeikin: Journal of Mathematical Physics 38 (1997) 2587

® an important progress in the theory of light propagation:

o0 - My, %) SL
x (1) _ 0_+Z Az ipy +Z Az py Lo (0—4)
l:O =1

z(t)=oN+ Z Azt + 3 Azt + O (c’4>
1=0 =1

e total light deflection caused by mass- and spin-multipoles:

My 4GM (-1)
5(0’ I/IPN> 2 =

8G 1 1
5(0- Vf%PN> |€| abCaC((l _'_>1> SbL 1aaL 11H’£|

M, aL ln|£|




Time-Transfer Function (TTF) approach to get @ (t), « (t)
applied by B. Linet, C. Le Poncine-Lafitte & P. Teyssandier
Physical Review D 66 (2002) 024045
Physical Review D 77 (2008) 044029

represents another method in the theory of light propagation

light travel time between two events: (t4,x4) and (tp, xp)
ty —tp = T(CL‘A,CEB) (24)

time—transfer—function

total light deflection determined for axisymmetric bodies

l
5 (o) < 51 'j' (+) (25)

shown only for I =2, 3,4 but validity conjectured for | > 4




e total light deflection for axisymmetric bodies in rotation
e by using the approach of S. Kopeikin
S. Zschocke: Physical Review D 107 (2023) 124055

l
i) = G0 ()

2 d, \d,
2 +1
‘5<” ”15PN)’§8653M zi4ul 1’(P>

® shown for any values of [ > 0 and [ > 1 respectively

e total light deflection is related to Chebyshev polynomials



4.5 Numerical values of total light deflection

[pas]

Light deflection Sun Jupiter Saturn
16(a, M) | 1.75 x 10% | 16.3 x 10° | 5.8 x 10?
16(o, V)] 0.35 239 94
16(a, VTR 1.72 9.6 5.41
16(o, V15| 0.07 0.55 0.50
16(o, V15| 0.007 0.04 0.06
16(o, 1E%)] — 0.003 0.01
6(, 7 5pn)| 0.7 0.17 0.04
6(0, 3260)| - 0.026 0.008
0(c, 7, 5PN>| - 0.001 -

® S. Zschocke: Physical Review D 107 (2023) 124055




4.6 2PN light propagation in field of monopole at rest

e 2PN calculations are very rare, because they are by far

much more complicated than 1PN or 1.5PN calculations

e 2PN expansion of light velocity for monopole

@ (t AxM AgMxM
( ) o 0'—|— 1PN + 2PN

+0 (")

C C Cc

e 2PN expansion of light trajectory for monopole

x (t) = xx + Axthy + AxdiXM + O (0_6)

e V. A. Brumberg: Post-post Newtonian propagation of light in the
Schwarzschild field, Kinematica i physika nebeshykh tel 3 (1987) 8



e 2PN investigations have much further been developed,
mainly triggered by the Gaia mission

e geometrical scheme of boundary value problem

lightpath @b/ s
.................... ~
_________________ ~o
________ ~
k obse[\fg[ ~~~~~~ X Ny, Source

deflecting body

e S.A. Klioner, S. Zschocke: Numerical versus analytical accuracy of
the formula for light propagation, Classical and Quantum Gravity 27
(2010) 075015



unit tangent vector at observer's position

o :b(tl) MxM
n = |33 (t1> | - anN + NopN

upper limit of 1PN terms
4GM 1
)| <

M
‘5 (0'7 1PN

upper limit of 2PN terms = discovery of enhanced terms

} 16G2 M2 1
o (oman) < =5

S.A. Klioner, S. Zschocke, CQG 27 (2010) 075015

N. Ashby, B. Bertotti, CQG 27 (2010) 145013

P. Teyssandier, C. Poncine-Lafitte, CQG 29 (2012) 245010
the term x,/d, implies no divergence:

cf. Appendix J in S. Zschocke, PRD 105 (2022) 024040



4.7 2PN light propagation in field of quadrupole at rest

e 2PN light velocity for monopole and quadrupole

x (t Az, AgMxM AGMxQ - 7p@xQ
( ) — o ‘l‘ 1PN + 2PN + 2PN + 2PN

C C C C C

e 2PN light trajectory for monopole and quadrupole

x () = xn + Azt + AxdxM 4 Aw%ﬁQ + A:cZQPXNQ

® S. Zschocke: Physical Review D 105 (2022) 024040
® S. Zschocke: Physical Review D 106 (2022) 104052

e unit tangent vector at observer's position
MxM M QxQ

x (t1)
= IO = nipy + n?PN +Ngpy T+ n2P§Q + NgpN




e upper limit of 1PN terms

3 (o mib)|
3 (o mibx)

_4GM 1

2 d,

AGM |Jy| (
S -

2 d,

P2
r)

e upper limit of 2PN terms = discovery of enhanced terms

9 (o maei)

’(5 (o‘ n%ﬁQ)

‘(5 (a n?PXNQ)

16G*M*? 1

¢t (d)?
64G2 M2 | Jy|

o (dy)?
A8 G2 M? | Ju|?

2y’
do

(&
7

) &




4.8 Numerical values of 2PN light deflection [uas]

Object ‘(5 (a,n%ﬁM)‘ ‘5 (0', n%ﬁQ)‘ ‘5 (0', nQQPXNQN
Jupiter 16.11 0.95 0.010
Saturn 4.42 0.29 0.003
Uranus 2.58 0.04 0.001
Neptune 5.83 0.08 0.002

® S. Zschocke: Light propagation in 2PN approximation in the
monopole and quadruple field of a body at rest: Initial value problem

Physical Review D 105 (2022) 024040



4.9 Light propagation in 3PN approximation

e 3PN calculations are extremely rare:
® S. Zschocke: A generalized lens equation for light deflection in weak

gravitational fields, CQG 28 (2011) 125016

e B. Linet, P. Teyssandier: New method for determining the light
travel time in static spherically symmetric spacetimes. Calculation

of terms of order G, CQG 30 (2013) 175008

s(omib)] = G (1) e

® this result has been found independently by:
Eq. (27) in S. Zschocke, CQG 28 (2011) 125016
Eq. (93) in B. Linet, P. Teyssandier, CQG 30 (2013) 175008

® numerical value: 12 pas in case of grazing light ray at Sun



5. Theory of light propagation: bodies in motion

harmonic coordinate
system is asymptotically
Cartesian

body’s center-of-mass is in motion
with respect to the harmonic
coordinate system




5.1 Light propagation in field of monopole in motion

__ unperturbed light ray

e total light deflection caused by moving monopole

e, O
R

body A in motion

) (0’, I/%M> =

4GM

c2

1
do (1)

(14

va (51)

)

e where s is the retarded time, defined implicitly:

Slztl—

|z (1) — 24 (51)]

C

(27)

(28)



monopole in uniform motion in 1PN

S.A. Klioner, Comm. of Inst. Appl. Astron. 6, 1989
arbitrarily slowly moving monopoles in 1PN

S.A. Klioner, Sov. Astron. 35 (1991) 523

arbitrarily moving monopoles in 1PM

S.M. Kopeikin, G. Schéafer: Physical Review D 60 (1999) 124002
uniformly moving monopoles in 1PM

S.A. Klioner, Astronomy & Astrophysics 404 (2003) 783
arbitrarily slowly moving monopoles in 1PN

S. Zschocke, Physical Review D 92 (2015) 063015
arbitrarily slowly moving monopoles in 1.5PN

S. Zschocke, Physical Review D 93 (2016) 103010
arbitrarily slowly moving monopoles in 2PN

S. Zschocke, Classical Quantum Gravity 35 (2018) 055013
S. Zschocke, Classical Quantum Gravity 36 (2019) 015007



5.2 Light propagation in field of spin-dipole in motion

__unperturbed light ray

s light source

"""""""" il O
BN

-0

body A in motion

e total light deflection caused by moving spin-dipole

5 (o viom)| € S o 19 o)

e arbitrarily slowly moving spin-dipoles in 1.5PN
S.A. Klioner, Sov. Astron. 35 (1991) 523
e arbitrarily moving spin-dipoles in 1PM

(29)

S.M. Kopeikin, B. Mashhoon: Physical Review D 65 (2002) 064025

e arbitrarily slowly moving spin-dipoles in 1.5PN
S. Zschocke, Physical Review D 93 (2016) 103010



5.3 Light propagation in field of quadrupole in motion

__ unperturbed light ray

e O
B

body A in motion

e total light deflection caused by moving quadrupole

AGM | Jy P\’
0 (o) < 3 dl (3‘1) ( T (Sl)> (30)

e arbitrarily slowly moving quadrupoles in 1PN

S.A. Klioner, Sov. Astron. 35 (1991) 523
e arbitrarily moving quadrupoles in 1PM

S.M. Kopeikin, V.V. Makarov: Physical Review D 75 (2007) 062002
e arbitrarily slowly moving quadrupoles in 1PN

S. Zschocke, Physical Review D 92 (2015) 063015



5.4 Light propagation in field of multipoles in motion

__ unperturbed light ray

body A in motion

e total light deflection caused by moving multipoles:

AGM |J) r
5 @8] < 31
’ (0’7 VlPN)‘ =~ 2 do- (81) do' (Sl) ( )

this result is only a conjecture, but has not been proven thus far

® arbitrarily slowly moving multipoles in 1PN and 1.5PN:
S. Zschocke, Physical Review D 92 (2015) 063015
S. Zschocke, Physical Review D 93 (2016) 103010



6. Summary
e no light deflection in flat space-time

e solutions for light ray in field of bodies at rest
(a) 1PN and 1.5PN with full set of multipoles

solutions for light ray in field of bodies in motion

(b) monopoles in 1IPM

(c) spin-dipoles in 1PM

(d) full set of multipoles in 1PN and 1.5PN
but many things are still unclear

e only a very few 2PN solutions are known:

(e) monopole at rest
(f) quadrupole at rest
(g) monopole in slow motion

e very rare results in 3PN approximation
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