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Navier-Stoke‘s-Equations

The Navier-Stokes equations describe the dynamics of fluids
and can be applied with different parameters for gases and
liquids.

The Navier-Stokes equations are derived
from the conservation of mass and
momentum of the fluid.
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Applications

Fire (Fedwik 2002)
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Incompressible Navier-Stoke'’s:

@ "Momentum Equation”

aﬁ)+_> \7_’+1\7 g+vw-Tu
—_— u. u —_— — . u
Ey P p=9gTV

@ "Incompressibility condition”

V-u=0
@ Symbols:
u... velocity with components u, v, w
.. fluid density (water 1000kg/m3, air 1.3kg/m?3)
.. pressure
.. acceleration due to gravity or animator
. Kinematic viscosity

.. extension of g to all accelerations due to body forces

< QT ©

S. Gumhold, CG3 - Fluid, WS 23/24 7



Navier-Stoke's-Equations

VA,
«!‘#/

S—X4

Computergraphik
und Visualisierung

e The divergence V - u or

divu of a vector field u f\di"“ >0
describes how strongly /"‘/‘/‘///,j,/;_;\\\\ e
the stream lines diverge “\\\‘\\\i{\{‘\;\\\\\\\\//«:
(divu > 0) and converge SN2 )2 Z =)
divi Vel > ////4////// 4 Z==3) 1/
(divu < 0), respectively p //’//7//,///,///;/;//)\////4
e Divergence does not divii < 0 /r,//”n(m(”\\ffg
depend on the time HHITWN =
N WL NN ===
derivative but only on \\\\\\\\\\\ \\\§\>/,5§
' Ivatl ' WA \\ =
spatial derivatives: AR < \:\‘4\\\“77/
MWW diva = 0 W7

d a4 0
dx Jdy 0z

du N ov N ow
dx dy 0z

—

divu =

=< )
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Navier-Stoke's-Equations

Dimension-less Formulation:

e Firstly, define characteristic values for length (L), velocity
(Uso), density (peo) and pressure (poo)

@ perform variable substitution:
1 Uoo 1 1

X=-xt'=—tuU =—uUp = (P — Poo)
= T L= L Uoo PoolUZ >
@ collect characteristic values in dimension-less constants
@ Reynold's Number ... Re = p°°Z°°L
e Froude Number ... Fr=—X
Llgll
. . . 2, _ L > 1 g
® define dimension-less force f* = —5g = — - =
Uso Fr< ||gll

e Plugging all in yields dimension-less Navier-Stoke's-
equations

e The asterix is left out in the following

S. Gumhold, CG3 - Fluid, WS 23/24
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Navier-Stoke's-Equations

Dimension-less Navier-Stoke’s-Equations
iIncompressible viscous fluids:

aﬁJﬁ Vi = —Vp + Ly Vi + f V-u=0
@ component form:
ou. ou.  op o°u. .
4y dhYy =4 -+ 1. Vie{l23
ot T 'ox,  ox Rezj:axjg thes}
Ou;
Y=
7 OX
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Navier-Stoke's-Equations

Reynold’s Number is ratio between
iInertia force and frictional force. It
determines the behavior of the fluid
(for gases typically large and for
fluids a broad range [water ... honey]
possible)

@ Re < 1: stationary flow, I.e. velocity
field does not depend on time. ===
Stream lines move along obstacles Stromungsrichtung ==>

turbulente Stromung
® Re > 40: periodic behavior | |

® Re even larger: quasi-periodic,
individual vortices detach

® Re > Re_,;; #2000: flow becomes
turbulent, chaotic, vortical (due to
non-linear equations)

laminare Stromung

Quelle: MFink
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Navier-Stoke‘s-Equations

Reynold’s Number Examples

00

Re = 200 " Re = 22000
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Navier-Stoke's-Equations

Kolmogorov-Cascade of turbulent Fluids

Too much kinetic energy Is converted into friction through
vortex cascades. Re determines the depth of the vortex

cascade. .
For high Reynold’s numbers very Lo,
small vortices are still relevant. Then @
a high grid resolution and small time @"
steps are necessary. @ v.
The accurate simulation of turbulent @
fluids is computational expensive. 1 @,0
A
o

large vortices

smallest vortices
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Navier-Stoke's-Equations

Discussion:

@ One of the 7 ,, Millennium Problems”: Existence- and
Uniqueness of ,, physically plausible “ (energy-restricted)
solution of Navier-Stoke's-Equations in 3 dimensions!
http://www.claymath.org/prizeproblems

@ Precise simulation of air resistence of cars, buoyancy of
airplanes, water resistance of ships, spray nozzles,
weather forecasts, ... computationally complex

e In CG we look for fast approximate solutions which
provide a good visual Impression without suppressing
vortices.

S. Gumhold, CG3 - Fluid, WS 23/24 14
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1
—4+u-Vu+-Vp=g+vV -Vu
37 P p=g+v u

e Just a specialized version of F = md
e Let's build it up intuitively

@ I[magine modeling a fluid with a bunch of particles
(e.g. blobs of water)
® A blob has a mass m, a volume V, velocity u

e \We'll write the acceleration as Du/Dt
(“material derivative”)
Du =
m— =
Dt
e \What forces act on the blob?

S. Gumhold, CG3 - Fluid, WS 23/24
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e Gravity: mg and other “body forces” K designed by
animator
bu _ g+ K
Mo~ M
® And a blob of fluid also exerts contact forces on its

neighbouring blobs...

S. Gumhold, CG3 - Fluid, WS 23/24 16
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Pressure

@ The "normal” contact force is pressure (force/area)

e How blobs push against each other,
and how they stick together

e |f pressure is equal In every direction, net
force iIs zero...
Important quantity Is pressure gradient:

bu_ 3 VVp + K
th—mg p

We Integrate over the blob’s volume
(equivalent to integrating —p4 over blob's surface)

e \What is the pressure? Coming soon...

S. Gumhold, CG3 - Fluid, WS 23/24
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e Think of it as frictional part of contact force:

a sticky (viscous) fluid blob resists other blobs
moving past It

e For now, simple model Is that we want velocity
to be blurred/diffused/...

@ Blurring in PDE form comes from the Laplacian
92 92 92 _
A—ax2+ay2+azz—|7-|7.

Du R L, — heat equation:
mD—t=mg—V\7p+VuAu+K u_
Jt

@ new symbol:
u ... dynamic viscosity (gives force instead of acceleration)

S. Gumhold, CG3 - Fluid, WS 23/24 18
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Du _ o =
mﬁzmg—VVp+V,uAu+K
® Model the world as a continuum:

e # particles - o
while mass and volume = 0

@ Then F = ma would become 0 = 0: L user acceleration
e Divide by mass before the limit: instead of force
— —r
bu_=_ Yy + Vi + L%
_ —_—— — u —
Dt 9 m P m” m
@ The fluid density is p = m/V:
bu - 1 Vp+ 50+ K
_— —_—— — AU
pt ¢ o T p

e With v = u/p this is almost the same as the standard eg'n
(in fact, the form we mostly usel)

e The only weird thing 1s Du/Dt...

S. Gumhold, CG3 - Fluid, WS 23/24 19
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Eulerian viewpoint Lagrangian viewpoint

grid Particle
based based
simulation simulation
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Lagrangian viewpoint:
e [reat the world like a particle system

e | abel each quantum of matter, track where it goes (how
fast, acceleration, etc.)

Eulerian viewpoint:
@ Fix your point In space
e Measure stuff as it flows by

Think of measuring the temperature:
e Lagrangian: in a balloon, floating with the wind
e Eulerian: on the ground, wind blows by

S. Gumhold, CG3 - Fluid, WS 23/24 21
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e \We have fluid moving in a velocity field u
@ [t possesses some quantity g

e At an instant in time t and a position in space x, the fluid
at x has q(x,t) (therefore it is an Eulerian field)

@ How fast is g of that blob of fluid changing in the
Lagrangian viewpoint?
e Answer: the material derivative Dq/Dt
e [t all boils down to the chain rule:
Dq(g, t) _0q 0qox 0qdy 0q0z 0dq

+ + = Vqg-u
Dt ot oxot ayot "ozot ot IM
e \We usually rearrang% It: )
Dg(x,t dqg _,
Xt _ 7
Dt /at * "\q
change at x change due to movement

S. Gumhold, CG3 - Fluid, WS 23/24 22
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Advection Equation

e |f quantity g moves with the fluid particles we call this
process “advection” and can formulate this as
0= % — a_q u-v
Dt o %
e That Is, how fast g is changing at a fixed point in space
(0g/0t) comes from two things:
e How fast g is changing for the blob of fluid at x

e How fast fluid with different values of q is flowing past

q(x,0) = 10x

u(x,0) =1

At =5

dq dq(x,0)

EALL = —ult 9%
=—1-5-10 = =50

S. Gumhold, CG3 - Fluid, WS 23/24 23
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e Say our fluid has a colour variable (RGB vector) €
e \We still write
DC(x,t) oC

u-ve
Dt gt T

e The dot-product and gradient confusing?

e Just do it component-by-component. )
Df(g, t) ) DR /Dt OR/ot +u-VR

———=|DG/Dt | = oG/t +U-VG
DB/Dt/ |0B/ot+u-VB.
e This holds even if the vector field is velocity itself:

Du(x,t) ou _ o
Dt gt Tuvu

S. Gumhold, CG3 - Fluid, WS 23/24 24
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The Incompressibility Condition
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Compressibility

e Real fluids are compressible

@ Shock waves, acoustic waves, pPIStons.. ..

e Note: liquids change their volume as ™"
well as gases, otherwise there would isen

be no sound underwater |

spark plug

S compressed
R = fuel and air

<&l
)
S

e But this Iis nearly irrelevant for animation ' y
@ Shocks move too fast to normally be o
seen
(easier/better to hack in their effects)

@ Acoustic waves usually have little
effect on visible fluid motion

@ Pistons are boring

S. Gumhold, CG3 - Fluid, WS 23/24 26
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@ Rather than having to simulate acoustic and shock waves,
eliminate them from our model:
assume fluid is incompressible

e Turn stiff system into a constraint, just like rigid bodies!

e |f you fix your eyes on any volume ) of space, volume of
fluid in = volume of fluid out:

l_»)

# U-AdA =0 Lo ~.
i N
@ | et’s use the divergence theorem: NN U

#Ti-ﬁdAzfﬂV-ﬁ’dV
Q

0Q
e So for any region, the integral of V - u is zero

® Thus it's zero everywhere: V-u =0

S. Gumhold, CG3 - Fluid, WS 23/24 27



“\

Computergraphik
‘QY!' und Visualisierung

N
Pressure 0

® Pressure p: whatever it takes to make the velocity field
divergence free

e If you know constrained dynamics, V-u =0is a
constraint, and pressure Is the matching Lagrange
multiplier

@ Our simulator will follow this approach:
solve for a pressure that makes our fluid incompressible at
each time step.

Alternative

@ o avoid having to solve linear systems, can turn this into a

soft-constraint
e [rack density, make pressure proportional to density variation

e Called "artificial compressibility”

® However, easier to accelerate a linear solver... if the linear
system is well-posed

S. Gumhold, CG3 - Fluid, WS 23/24 28
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Inviscid Fluids

S. Gumhold, CG3 - Fluid, WS 23/24
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Dropping Viscosity

@ [n most scenarios, viscosity term Is much smaller

@ Convenient to drop it from the equations:
@ /ero viscosity = “inviscid”
e Inviscid Navier-Stokes = “Euler equations”

@ Numerical simulation typically makes errors that
resemble physical viscosity, so we have the visual effect
of It anyway

e Called “numerical dissipation”
@ For animation: often numerical dissipation is larger than
the true physical viscosity!

S. Gumhold, CG3 - Fluid, WS 23/24 30
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e Dynamic viscosity of air: L ~1.8 % 107 Ns/m2

e Density of air: p.. ~1.3 kg/m3

® Dynamic viscosity of water: -3 2
~1.1x

e Density of water: water ~ 1.1 10 NS/m

Puater <1000 kg/m?

e The ratio, v = u/p ("kinematic viscosity”) is what's
important for the motion of the fluid...
... airi1s 10 times more viscous than water!

@ A.k.a. the Incompressible Euler equations:

ou 1
—+u-"u+-Vp=g, V-u=20
5 u-Vu p p=g u

S. Gumhold, CG3 - Fluid, WS 23/24
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Boundary Conditions
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Boundary Conditions

e \We know what's going on inside the fluid: what about at
the surface?

@ Three types of boundaries
e Solid wall: fluid is adjacent to a solid body

e Free surface: fluid is adjacent to nothing
(e.g. water is so much denser than air, might as well forget about
the air)

e Other fluid: possibly discontinuous jump in quantities (density, ...)

https://www.y

outube.com/w

atch?v=kphzE
OKXuNw

S. Gumhold, CG3 - Fluid, WS 23/24
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@ No fluid can enter or come out of a solid wall:

U-N = Ugpiig " N

® For common case of Ug,;q = O
u-n=0

Sometimes called the “no-stick” condition, since we let
fluid pass by tangentially

@ For viscous fluids, can additionally impose “no-slip”
condition:

—

U = Ugpiig

S. Gumhold, CG3 - Fluid, WS 23/24 34
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Free Surface

@ Neglecting the other fluid, we model it simply as

pressure=constant

@ Since only pressure gradient is important, we can choose
the constant to be zero:
p=0

e |f surface tension is important (not covered today),
pressure is instead related to mean curvature of surface

S. Gumhold, CG3 - Fluid, WS 23/24 35
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e At fluid-fluid boundaries, the trick is to determine “jump
conditions”

e For a fluid quantity g, [q] = g — g5

® Density jump [p] Is known
e Normal velocity jump must be zero: [u-n] =0

e For inviscid flow, tangential velocities may be unrelated
(jump is unknown)

e \Vith no surface tension, pressure jJump [p] = 0 vanishes

S. Gumhold, CG3 - Fluid, WS 23/24 36
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Numerical Simulation Overview

S. Gumhold, CG3 - Fluid, WS 23/24
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e \/\Ve have lots of terms in the momentum equation:

—=-u-Vu+g+vAu--rp
ot p

a pain to handle them all simultaneously

@ [nstead we split up the equation into its terms, and
integrate them one after the other

e Makes for easier software design too:
a separate solution module for each term

e First order accurate In time
@ Can be made more accurate, not covered today.

S. Gumhold, CG3 - Fluid, WS 23/24
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e® Say we have a differential equation

dq
E—f(CI)‘l'g(CI)

@ And we can solve the component parts:
® SolveF(q, At) solves dq/dt = f(q) for time At
® SolveG(q, At) solves dq/dt = g(q) for time At

e Put them together to solve the full thing:
® g° = SolveF(q", At)
e g"*1 = SolveG(q*, At)

@ Does it work? — Up to O(At):

n n+1 _ % * n

dq q""'—q" q ¢ q"—q
T - A T x ~ g(q) + f(q)

S. Gumhold, CG3 - Fluid, WS 23/24 39
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e \Ve have four terms:

ou I 1
3% —u-\7u+g+vAu—;\7p
e First term: advection — move fluid through velocity field (Du/Dt = 0)
ou I
i Vu
e® Second term: gravity
ou _,
t 9
e Third term: diffusion
ou .
E = vAu

e Final term: pressure update — How we'll make the fluid
Incompressible:
ou 1 .
E = —EVp, V-u=20

S. Gumhold, CG3 - Fluid, WS 23/24 40
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e That's our general strategy in time; what about space?
e \We'll begin with a fixed Eulerian grid
e TIrivial to set up

e Easy to approximate spatial derivatives
e Particularly good for the effect of pressure

e Disadvantage: advection doesn't work so well
e Later: particle methods that fix this

S. Gumhold, CG3 - Fluid, WS 23/24 41
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e \We could put all our fluid variables at the nodes of a
regular grid — But this causes some major problems

@ In 1D: Incompressibility means Zx 0

e Approximate at grid point with: ‘+;A;‘i‘1 =0

e Note the velocity at the grid point isn't involved!
A Simple Grid Disaster

ou
@ The only solutions to — = 0 are u = constant, but
numerical solver has other solutions:

A A AN AN L
IV ARYARYARYARVARY

S. Gumbhold, CIG3 - Fluid, WS 23/24



- (/'?‘A\ omputergraphi
Staggered Grids Wy Compurcraranmie

@ Problem is solved if we don't skip over grid points

e [o make It unbiased, we stagger the grid:
put velocities halfway between grid points

e In 1D, we estimate divergence at a grid point as:

u, 1—U,. 1
ou —

I+5 -5
—(x;) =

2 2
dx Ax

® Problem solved!

S. Gumhold, CG3 - Fluid, WS 23/24 43
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® From the Marker-and-Cell
(MAC) method
[Harlow&\Welch'65]

e A particular staggering of
variables in 2D/3D that works

well for incompressible fluids:

e Grid cell (i, ], k) has pressure
i jx atits center

® x-part of velocity u;1q/ 1 In
middle of x-face between grid
cells (i,j,k)and (i +1,j,k)

® y-part of velocity v; j1/7 IN
middle of y-face

® z-part of velocity w; j j41/2 IN
middle of z-face

® pressure gradient needed
at velocity sampling
locations, e.q.

(a_P> _Di+1,j —Pij
0x =y

Ax

S. Gumhold, CG3 - Fluid, WS 23/24
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Array storage

. Pij+1
e Then for a n, X n, X n, grid, o o o
we store them as 3D arrays: Vi j+1/2

®yp nx Ny, nz]

eV :nx, Nyt1, nz]
o W[nx, Ny, nz+1]

® And translate indices In code

® U1 = uli+1,j,k] ... Vijj-1/2
e Downside © Pt ©

e Not having all guantities at the
same spot makes some algorithms a pain

e Even interpolation of velocities for pushing particles is annoying
e One strategy: switch back and forth (colocated/staggered) by
averaging
e Robert Bridson's philosophy: avoid averaging as much as possible!

S. Gumhold, CG3 - Fluid, WS 23/24 45
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Advection Algorithms

S. Gumhold, CG3 - Fluid, WS 23/24
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e The goal is to solve “the advection equation” for any grid

quantity g (in particular, the components of velocity):
Dq
— =0
Dt
e Rather than directly approximate spatial term, we'll use the

Lagrangian notion of advection directly

e \Ve're on an Eulerian grid, though, so the result will be called
“semi-Lagrangian” (introduced to graphics by [Stam'99])

S. Gumhold, CG3 - Fluid, WS 23/24 47
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Semi-Lagrangian Advection

® Dq/Dt = 0 says g doesn’t change as
you follow the fluid. e N
® So g(x"ev,thev) = g(x°d,e01) LT e g
e We want to know g at each grid point |™~ | «—Xik
at t"®W (that is, we're interested in -~ / v
Enew — Eijk) —

@ So we just need to figure out x°'* (where fluid at x;y,
came from) and g(x°'¢) (what value of g was there before)

e \\le need to trace backwards through the velocity field.

e Simplest O(At) approach assumes constant u and uses
explicit Euler: x°14 = xMeW — Ataj(xeW)

e |.e. tracing through the time-reversed flow with one step of
Forward Euler

@ Other ODE methods can (and should) be used

S. Gumhold, CG3 - Fluid, WS 23/24 48
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e Chief interesting aspect of fluid motion is vortices:
rotation

e Any ODE integrator we use should handle rotation
reasonably well

e Forward Euler does not
e [nstability, obvious spiral artifacts

@ Runge-Kutta 2 is simplest semi-decent method

1
X" = X" 4 At (g" + EAtﬁ’(g”))

S. Gumhold, CG3 - Fluid, WS 23/24 49
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Vi,j+1
e \We need u(x;;,) for a quantity o e e
stored at (i, J, k) Vij+1/2

e For staggered quantities,
say u, we need it at the
staggered location: e.g.

u(xl+ =J, k)

e \/\le can get the velocity there by
averaging the appropriate

Staggered components: e.qg. o o o
Pij-1
l+%,j,k
1
— (VD v v v
= 4-( i;f—%,k T l+1,J—1k t i,j+%,k t l+1,]—lk)
(_l+ >J> k)
1
4 (Wi,j,k—% + Wi+1,j,k—% T Wi,j,k+% T Wi+1,j,k+%)_

S. Gumhold, CG3 - Fluid, WS 23/24 50
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e Note that we only want to advect quantities in an
incompressible velocity field

e Otherwise the quantity gets compressed
(often an obvious unphysical artifact)

e For example, when we advect u, v, and w themselves, we

use the old incompressible values stored in the grid
e Do not update as you go!

@ [n conclusion the advection step should be the first in the
split integration of the four terms in the momentum
eguation
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@ Odds are when we trace back
from a grid point to x°4 we won't

land on a grid point

e So we don't have an old value of g
there

e Solution: interpolate from nearby
grid points
e Simplest method: bi/trilinear
interpolation

e Know your grid: be careful to get it
right for staggered quantities!
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Boundary Conditions

e \\Vhat if x°'d isn’t in the fluid? (or a nearest grid point
we're interpolating from is not in the fluid?)

@ Solution: extrapolate from boundary of fluid
e Extrapolate before advection, to all grid points in the
domain that aren't fluid

e ALSO: if fluid can move to a grid point that isn't fluid
now, make sure to do semi-Lagrangian advection there
@ Use the extrapolated velocity
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Extrapolation

@ One of the trickiest bits of code to get right

e For sanity check, be careful about what's known and

unknown on the grid
e Replace all unknowns with linear combinations of knowns

@ More on this later (level sets)

@ Solids: the inviscid “no-stick” boundary condition
ﬁ'ﬁ:ﬁsolid -n
only constraint the normal components of u
@ In order to represent the tangential components we need
to extrapolate into solids, and can't use the solid’'s own
velocity (result would be bad numerical viscosity)
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Body Forces
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e Gravity vector or volumetric animator forces:

ou _,
ot 9

@ Simplest scheme: at every grid point just add

us = yadvect + Atﬁ
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Making Fluids Incompressible
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Poission Equation

e \\Ve want to find a pressure p so that the updated velocity:

ou 1 1, At
— = ——Upsutl=u" ——"Vp
Jat p p

is divergence free: V7 -u"t1 =0

e while respecting the boundary conditions:
e Ul .=, N ... atsolidwalls
@ p =0 ... at free surface

@ plugging pressure update into divergence constraint:

v (_’* AtV) 0
. u —_—— p —
p

e Turns into a “Poisson equation” for pressure:
TAp =V U inside
Byp @ = (i* — Tsoua) - atsolid walls

p=20 at free surface
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Discrete Pressure Update

Pij+1
O
Vij+1/2

@ pressure update:

ou 1 . At
— =—_Vp=2u™tl=u"——"Up
Jat p p

® [he discrete pressure update
on the MAC grid:

Pi-1,j
O

S B At Pi+1,jk — Pijk
it2 ik itgik P Ax
n+1 . At Pij+1,k — Pijk
v. 1. =V 1 — .
l,]+E,k l,]+§,k P Ay
n41 « At Pijk+1 — Dijk
w 1 =Ww 11— ¥ Di i1
l,],k+§ l,],k+§ P AZ L]

@ discretized incompressibility condi-
tion on the new velocity (at (i, j, k)):

u7.1+11. — uTl+11. V.n.+11 — UTL.+11 W.n.+1 1~ W.n.+1 1
l+5,],k l—5,],k L,j+5,k L,]—5,k L], k+5 L,],k—=
2 2 2 2 2 2
+ + =0
Ax Ay Az
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@ For now, let's voxelize the geometry:
each grid cell is either fluid, solid, or empty
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@ Pressure: we'll only solve for p in Fluid cells
@ \elocity: anything bordering a Fluid cell Is good

@ Boundary conditions:
@ empty cells: p = 0 (free surface)

@ solid cells: choose pressure such that pressure update
of velocity ensures:

—_— A

U-N = Ugplig "N

(Note normal points to fluid cell!)

(Also note: although only one p in the center of a solid
cell, it can have several active faces that constraint its
p value...)
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Example Solid Wall

e (i—1,j,k)issolid, (i,j, k) is fluid

e Normal isn = (1,0,0)”

n+1
o — I
we wantu. 1, Usolid (i—1,j,k) (i,j,k)

l—E,],k
F

® The pressure update formula is:
_ At Pijk — Pi-1,jk

n+1 *
u =u
ik ik P Ax

® S50 the “ghost” solid pressure is:

~ Ax n+1 *
pl 1,],k pl’]’k At l_%l_]}k i_%;];k
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Discrete Pressure Equations

e Substitute pressure update formula into discrete
divergence

@ [n each fluid cell (i, ], k) get an equation:

" At DPi+1,jk “DPijk 0 At DPijk T Di-1,jk
i+3.jk P Ax Ll P Ax
Ax
« At Pijk —Pijk % At Pijk —Pij-1k
V.. 1. ——F A —V, . 1, — 5" A
L) +§,k P y L] _Eik P y
_|_
Ay
* At DPijk+1 — DPijk « At DPijk — Pijk-1
W.. 1__. A _W._ 1__. A
l,],k+§ P YA l,],k_E P yA
_|_
Az
=0
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Simplified

® Now we assume h = Ax = Ay = Az
e Collecting terms:

Ar ODijk — DPi+1,jk — Pi-1,jk — Pij+1,k — Pij-1k —
p n?
ES

k * *k
u 1 — —Uu v

C1, C1 . .1, —V 1
_ l+§,],k l—i,],k_ l,]+§,k l,j—z,k_

h h

e Empty neighbors: drop zero pressures

e Solid neighbors: e.g. (i — 1,j, k) is solid
® Drop p;_1,jx and reduce coefficient of p; j, by 1 (to 5...)
e Replace UM In right-hand side with ug;i4

2’
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Linear Equations

e® End up with a sparse set of linear equations to solve for
pressure (Matrix is symmetric positive (semi-)definite)

@ In 3D on large grids, direct methods unsatisfactory

@ Instead use Preconditioned Conjugate Gradient, with
Incomplete Cholesky preconditioner

@ See course notes for full details (pseudo-code)

@ Residual is how much divergence there is in u™*1
e |terate until satisfied it's small enough
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Voxelization is Suboptimal (6

® Free surface artifacts:

e \\Naves less than a grid cell high aren’t “seen” by the fluid solver —
thus they don't behave right

e |eft with strangely textured surface

e Solid wall artifacts:

e |f boundary not grid-aligned, O(1) error
— It doesn’t even go away as you refine!

e Slopes are turned into stairs,
water will pool on artificial steps.

e More on this later...
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As per [Fedkiw et al.01]

Smoke

S. Gumhold, CG3 - Fluid, WS 23/24
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@ Smoke Is composed of soot particles suspended in air

@ For simulation, need to track concentration of soot on the
grid: s(x, t)
e Evolution equation:

DS kv
Dt sV TS
e Extra term is diffusion (if kg # 0)

@ Simplest implementation: Gaussian blur

e Boundary conditions:
e At solid wall: ds/dn = 0 (extrapolate from fluid)

® At smoke Source: s = Sgource

e Note: lots of particles may be better for rendering...
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Heat

® Usually smoke i1s moving because the air Is hot

e Hot air is less dense; pressure vs. gravity ends up in buoyancy
(hot air rising)

@ Need to track temperature T(x, t)

e Evolution equation (neglecting conduction)
DT

— = —fradiation(T) + fsource (T ~ Tsource (X))
Dt

e Boundary conditions: conduction of heat between solids
and fluids

e Extrapolate T from fluid, add source term...
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e Density variation due to temperature or soot concentration
IS very small

® Use the "Boussinesq approximation™:
fix density=constant, but add external buoyancy force in
momentum equation:

0
fouoy = <_a s+ B(T — Tamb))
0
® Ambient temperature Tom

e Constants a and B can be tuned
e [f no soot and no temperature difference fbuoy =0
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Open Boundaries

e |f open air extends beyond the grid, what boundary
condition?

e After making the Boussinesq approximation, simplest

thing Is to say the open air is a free surface (p = 0)
e \\e let air blow In or out as it wants

e May want to explicitly zero velocity on far boundaries to
avoid large currents developing
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@ vortices live on all scales and have high visual impact
@ numerical dissipation disolves vortices too fast

ideas

e [Fedkiw 2001] add force that keeps vortices alive

e [Fedkiw 2005] trace vortex marker particles and couple
them with forces to grid simulation
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Vorticity Confinement

@ vortex strength and axis of rotation can be
measured with the rotation operator:

dyw — 0,V
w=Vxu=|0d,u—ad,w
0,V — OyU

|w| is called vorticity

e the gradient vorticity n = V|w| points
towards vortex core line, with direction
N =1/I7l
e add vorticity confinement force to

ensures independence of

accelerat_)e vortex: grid resolution
fconf:E°Ax°(Nxa))

https://theawesomer.com/vortex-water-fountain/137734/
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Monotonic Cubic Interpolation \

@ numerical dissipation of soot density and temperature
counteracts the gains of vorticity confinement

e higher order interpolation over the grid fights back
numerical dissipation but has the problem of overshooting

e Fedkiw [2001] propose to use a modified Hermite
Interpolation that is monotonic in the data.

linear interpolatffon, 0.1sec/frame

Hermite Interpolation monotonic Hermite ( &
Interpolation

monotonic cubidd2:8see/frame
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Water
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Sampling the Water-Air Interface

@ The voxelization approach does not sufficiently reproduce
water surfaces

Other approaches:

e® Marker particles
e sample fluid volume with particles {x,}

e define cell state to be fluid if it contains marker particles, empty or
solid otherwise
. o . . L. d N
e move particles in incompressible grid velocity field: % =1(x,)

e render surface via meta balls around particles and resample
resulting iso-surface on simulation grid to avoid bumpy artefacts

® | evel Sets

e represent interface by signed distance level set function ¢(x) € R
with interface surface where ¢(x) = 0
e advect level set according to % =0

e recompute distance values |¢(x)| > 0 by fast marching method
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e Felzenszwalb, P, & Huttenlocher, D. (2004). Distance
transforms of sampled functions. Cornell University.

e Given a sampled function f on a n-D grid G, the distance
Euclidean transform is given by

Ds(p) = gleig(llq —plI? + £ (@)
® in case of level set function set

fp) = {0 ifo(p) =0

oo otherwise

@ nD-case can be reduced to (n-1)D-case, e.9. 2D case:
Dy(x,y) = min (Ilx = ¥'lI2 + Dpj () )
l.e. compute 1D distance transform per column x‘ and
then compute 1D distance transforms per row on result

@ as 1D transform can be computed in linear time, 2D and
3D transform can also be computed in linear time
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e Felzenszwalb, P, &
Huttenlocher, D. (2004).
Distance transforms of
sampled functions. Cornell
University.

@ |magine for each location g a

parabola f(q) + q°

@ Then 1D distance transform is
height of lower envelop over
all parabolae

e Algorithm:

e compute lower envelop of
parabolae

e evaluate lowest envelops on grid
points

\rcy
2
f(n—l\ﬁ

fO)

S. Gumhold, CG3 - Fluid, WS 23/24
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Fast Distance Function-1D

@ [ower envelop Is represented
in list of k parabola parts

® These are stored in 2 arrays:
® v[i] ... center of parabola part i

® z[i] .. z[i + 1] ... horizontal range
of parabola part i

@ Two parabolas at g and p | ; .
Intersect In unique location: k1] VK] 2k 5 g

s _f®) +p° - (F@ +4q°)

2(p—q)
@ Envelop is built in sweep from
left to right, adding one
parabola at a time

e Based on relative location of
Intersection last parabola can A
be removed viel] ikl s oKl g
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Fast Distance Function-1D

Algorithm DT(f)
1. k<0 (* Index of rightmost parabola in lower envelope *)
v[0] 0 (* Locations of parabolas in lower envelope *)
z[0] «— —o0 (* Locations of boundaries between parabolas *)
z[1] «— 400
forg=1ton—1 (* Compute lower envelope )

s — ((f(@) +¢*) = (SR + v[k]*)/ (2q — 20[K])

if s < z[k]

then £ — k — 1

R T T e e

goto 6

—
<

else kL —Lk+1

—t
H

v[k] —q

[a—
b

z[k] « s

—_
o

zlk + 1] « 400

—
e

k+—0

—t
o

for g=0ton—1 (+ Fill in values of distance transform )

[a—
o>

while z[k + 1] < ¢
k—k+1
Dy(q) < (q — v[k])* + f(v[k])

— =
S
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@ extrapolation with signed distance
Initialization
@ extract and store interface points (e.g. in redistancing)
@ store for each grid point closest point on interface
e interpolate fluid quantities onto interface points
Extrapolation (1)
@ copy values from closest point on interface
Extrapolation (2)
@ align gradient of fluid quantities to point parallel gradient
of level set function and phrase this as a PDE:
Vg-Vgp =0
@ solve the PDE with finite differences (Careful “upwind”

scheme needed - want to get information from points with
smaller distance, not bigger)
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Adaptive Discretization

® Xiao, Yuwel, et al. "An adaptive staggered-tilted qrid for
incompressible flow simulation." ACM Transactions on

Graphics (TOG) 39.6 (2020): 1-15.
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An Adaptive Staggered-Tilted Grid
for Incompressible Flow Simulation

1

Yuwei Xiao~ Szeyu Chan? Siqi Wang?’ Bo Zhu? Xubo Yang]

1 Shanghai Jiao Tong University
2 University of Pennsylvania

3 New York University
4 Dartmouth College

(With Audio)
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SPH-Simulation

Smoothed Particle Hydrodynamics

Ihmsen, M., Orthmann, J., Solenthaler, B., Kolb, A., & Teschner, M.
SPH fluids in Computer Graphics. Eurographics STAR, 2014
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® Um, Hu and Thuerey performed perceptual comparison of
fluid simulation approaches ( ) and found
SPH approach to provide best realism at same
computational speed.

Perceptual Evaluation of Liquid Simulation Methods

Kiwon Um Xiangyu Hu Nils Thuerey

Technical University of Munich

S. Gumhold, CG3 - Fluid, WS 23/24
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e Eulerian Momentum equation:
Du 6ﬁ’+_> . 1‘7 I
= u - u=—— . u
Dt ot p prv f

e L agragian momentum equation for particle i at location x;
with velocity v;, density p; and where fluid has pressure
p; and external body force is f;:

dv; 1 I
el ——Vp; +vV - Vv; + f;
L —
here we assume that particle moves with velocity v;,
dXi —
what means that — =V

@ mass of each particle is fixed to m; =» mass preservation

@ realistic kinematic viscosity for water v = 107%m? - s~ 1
demands for small time steps (to avoid numeric
dissipation)
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e quantity 4; at x; is interpolated from closest particles x;:
N\ (= x| 1
A= ) —AW;; Wi =W W(q) == f(q)
— P h h
J
with kernel W, smoothing length h and number of
dimensions d.

@ Typically ust cubic kernel function:

%—q2+%q3 0<qg<1
_37) 1

=531 22-9° 1<g<2

0 q=2 o

0.31

0.27

. \
with h = 2.
@ also quintic spline used In practice

e for theory Gaussian is best but in
practice problematic due to infinite support

0 0.5 1 1.5

S. Gumhold, CG3 - Fluid, WS 23/24 87



l{("“‘ Computergraphik

SPH - partial derivatives VAW und Visustisieruns

e standard approach VA, =Y. ’A V;W;; and

I p;
AiA; =) A A;W;; has numerical problems

J'p;
@ one rather discretizes pVA = V(pA) — AVp and uses the
more robust approximations

4;
V;A; _’0‘sz< + )VW (6)
pf ,0]
- 1
Vi-A-=——Zm]AU A3 (7)
p] ”xu xU+001h2 (8)

o further varratrons at flurd-ﬂuid and fluid-solid boundaries
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e In most applications fluid has
near constant density around p,

e define particle mass m; = h3p,

® In simplest approach pressure Is
computed from deviation of
density from p,, €.9. by
pi =k((pi/pe) —1) (9)
with a stiffness constant k.

e time step width At Is computed

from Courant-Friedrich-Levy
(CFL) condition to be

A-h
At < —
[V max|l

with safety factor A = 0.4, which
Implies that a particle can move
no more than 0.4h per time step

Algorithm 1 SPH with state equation.

for all particle i do
find neighbors j
for all particle i do
pi = Z_,r'"”.fl’v}.{ _
compute p; using p; (e.g. Eq. (9))
for all particle i do
NFessure : -
FPTese — — 5V pi (e.g. Eq. (6))
vascosi.f}-'

i
other
F;

= mgvvzv,- (e.g. Eq. (8))

= m;g o
F;‘ {f) —F f}ressure 4 F;-’:scosr.f}‘ + F?H‘mr
for all particle i do
Vi(t +Ar) = v;(1) + ArF;(r) /m;
X;(t +Ar) =x;(t) +Arvi(t + Ar)

S. Gumhold, CG3 - Fluid, WS 23/24
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@ for each particle we need to collect overlapping neighbors
e typically a regular and potentially hashed grid is used
Index Sort

e highly parallel construction of grid in 3 steps:

e for each particle compute grid cell index

@ sort particles according to index

@ store for each grid cell first particle in sorted list

@ better locality by using Z-index Sorting %%2/2/%

of grid cells
77 Z/2 Z/2] Z/7

ZZ[ZZ 2
@ l[arge number of GPU based approaches Z/Z%Z/Z/%
available %%* % 7

Z-index curve
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@ similar to grid based methods, pressure can be used to
make velocity field divergence free

e [n SPH this is driven by density error: p, = max |p; — pol
l

e simplest approach is to rely on the pressure from local
density error according to (9).

@ [o ensure that p,,,- becomes lower than theshold one can
repeat preasure update and either accumulate p;,
pressure force or particle displacement Ax;

e Furthermore one can exploit the splitting trick by
computing intermediate values x;, v; and p; without
pressure force and in a second step do the pressure
update.

e different choi%es for stiffness constant, e.g.:
K — piT;i
2p0At2’

with radius r; from poisson equation

S. Gumhold, CG3 - Fluid, WS 23/24
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I Algorithm 2 SPH with state equation and splitting.

Algorithm 3 Tterative EOS solver with splitting.

for all particle i do
find neighbors j
for all particle i do
F;uscosr}-‘- = uqujv,‘ (e.g. Eq. (8))
= m;g

Fgrher
I
Viscosity other
x : F +F

v, =V(t)+Ar-

/ m;

for all particle i do
pi = Y jm Wi+ At Zj(v;-k — Vj‘} - VW;;
compute p; using p; (e.g. Eq. (9))
for all particle i do
Frpressurc’ = — iV p; (e.g. Eq. (6))
for all particle i do
Vi(f —I—ﬂf) _ V;k _’_NF{,‘m‘essm‘c’/””
X;(t +At) =x;(t) +Arvi(t +At)

for all particle i do
find neighbors j
for all particle i do
F}“mmy = m_gv\_f'zw (e.g. Eq. (8))
Foher — g o
vi = vilr) +ar R
X; =X;(1)+Arvy
repeat
for all particle i do
compute p; using x;

compute p; using pi, e.g. p; = k(p; — po)

compute Perr
for all particle i do

pressure n: )
FP — MG (e.g. Eq (6))
” i« F;”'E’S.!l'"f'f
I A— i
Vi =V; + At —m
~ Fi}f'f‘.ﬁﬂf."@

X; =X; +Ar" -

m;
until perr <M
for all particle i do

vi(t +Ar) = v]

X;i(t +Ar) =x7

S. Gumhold, CG3 - Fluid, WS 23/24
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e Alternatively, we can
compute the pressure
from a Poisson equation
as in the Eulerian

approach.
@ [here are two possible
formulations:
Po . —x (14)
Ap; = —V - v;
At . (15)
Ap. — Po — Pi
Pi =

® also combinations of
both alternates can be
used

@ sparse linear solver
needed

Algorithm 4 SPH with pressure projection (Inc
SPH).

for all particle i do
find neighbors
for all particle i do
i v 2 -
F:%Y = mvV=v; (e.g. Eq. (8))

I
F?rher — m;g

FE'E.E('():.‘FI)‘_|_F{)rhe’r
v;k :‘TI“‘)—'_AE‘ L r

: m;

for all particle i do

pi = Y jmiWij+ At Z;(‘f — WT} - VWi
solve the PPE in Eq. (14) or Eq. (15)
for all particle i do

Ffressurc’ = —%V}){- (e.g. Eq. (6))

for all particle i do
Vi(t +At) = v+ ArFPE Iy
X;(t +Ar) = xi(t) +Arvi(t + Ar)
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i I f?“\ omputergraphi
Multi-Phase Fluids (g computerarahi

r
QY! und Visualisierung

e difference in fluid densities leads to artefacts at the fluid-
fluid interface (left)

@ introduction of the number density §; = ».; W;; and new
interpolation formulae resolves the problem (right):

- Dj  Di
pressure J

F! ;

= — +
2 2
i O

pi = m;0;, p; (P,

J

S. Gumhold, CG3 - Fluid, WS 23/24 94



‘«"A\ Computergraphik

r
~$Y! und Visualisierung

SPH - Solid Body Coupling

® Sam p | e SOl |d S d |O n g bO un da ry Algorilt.l;m 1 Simulati;}n update with our boundary handling model
. . 1: while animating do
with particles :

foreach moving-rigid-body i do

3 synchronize boundary particles with rigid body state
4 foreach fluid-particle i do

5: find fluid and boundary neighbors

6

7

8

activate neighboring boundary particles
foreach fluid-particle i do
: compute density p;(t)
9: compute pressure p;(t) (e.g. WCSPH. PCISPH)
10:  foreach fluid-particle i do

11: add fluid forces F" % (¢)

12: add forces exerted by boundary particles F?**!
13:  foreach active-boundary-particle i do

14: add forces exerted by fluid particles F{*

15 foreach rigid-body i do

16: compute the total force exerted by fluids ¥, 54,
17: compute the total torque exerted by fluids 7,;4:4,
18:  foreach fluid-particle i do

19: update x;, v

20:  update rigid bodies (e.g. Bullet)

® add constraint forces that 21: end while
avold interpenetration
Akinci, N., Inmsen, M., Akinci, G., Solenthaler, B., &

{ COm pUte fO I’CGS a n d tOrq UeS Teschner, M. (2012). Versatile rigid-fluid coupling for

incompressible SPH. ACM Transactions on Graphics

of fluid on solids (TOG), 31(4), 62.
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@

SPH - Rendering Vo Comperen

® define Iso-surface
from particles

e render with volume
rendering
techniques

® can be
Implemented on
GPU (see scivis
lecture on particle
visualization)

S. Gumhold, CG3 - Fluid, WS 23/24 96



«‘I‘)} Computergraphik

A.! und Visualisierung

Versatile Fluid-Rigid Coupling

for Incompressible SPH

Nadir Akinci' Markus Ihmsen! Gizem Akinci'®

Barbara Solenthaler © Matthias Teschner !

! University of Freiburg

*ETH Ziirich
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https://www.youtube.com/watch?v=chnS24QfgNY

Computergraphik
\QYJ' und Visualisierung

Infinite continuous adaptivity for A
incompressible SPH (SIGGRAPH 2017)
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https://www.youtube.com/watch?v=coCqA4vGziU

