TECHNISCHE AR .
UNIVERSITAT “‘\(.‘6,‘ Computergraphik
DRESDEN Y2 und Visualisierung

Path Based Rendering

Prof. Dr. Stefan Gumhold

Chair of Computer Graphics and
Visualization, TU Dresden

S. Gumhold - Path Based Rendering 1



«.VA\ Computergraphik

Ove rVi ew AQY!' und Visualisierung

Path Based Rendering

® Overview of Path Based Approaches

® |Implementation of Bidirectional Path Tracing
® Metropolis Light Transport
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OVERVIEW OF PATH BASED
APPROACHES
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Light Tracing - caustics

@ This happens frequently in water, where the caustics are
seen through the refracting water surface, making
correct rendermg even more dn‘ﬂcult
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(different apprOX|mat|on techniques)
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Path Tracing vs Light Tracing
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Light Tracing - Image Formation VAY/' und Visualisierung

@ light tracing samples paths from the light sources and
connects them to the eye by direct eye sampling after
Russian Roulette terminated a path

@ direct eye sampling connects to the eye point or
chooses a point on the lense

® In both cases the pixel location depends on the previous
path point

> pixels get different number of samples or even none!

> for BPT an additional sample buffer is needed
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Light Tracing - Algorithm
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light tracing algorithm
® construct sample buffer
with per pixel accumulator
A;; and count ¢;;
@ |oop over light paths
® generate path x and
compute p(x)
e determine pixel
location (i, )
® compute pixel
contribution f(x)

e add f(x)/p(x) to
accumulator 4;;

® increment pixel count
Cij
e compute final image
Iij = Aij/cij

generate path
e sampleinitial ray on light source
iterate over path length

intersect ray with scene
split BRDF and sample reflection type
in case of diffuse/specular perform RR

in case of termination perform direct
eye sampling and return generated
path

otherwise sample outgoing direction
according to BRDF times cosine term,
construct new ray and iterate

direct eye sampling

sample position on aperture

construct ray to eye and check visibility
reject complete path if check fails

otherwise compute light contribution and
return generated path
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Light Tracing

® although caustics are reproduced better with light
tracing, all other effects are worse than with path tracing

@ therefore light tracing should be only used in combined
approaches
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® To combining methods without introducing bias, it is
important to use multiple importance sampling (MIS) on
paths that can be generated in multiple ways

@ possible combinations:
® Path L(D|S|M)*E + LightTracing L(D|S|M)*E
e Radiosity LD*E + Raytracing L(D|S)M*E

@ Caching

e further efficient approaches through caching of results from one
method, such that the same calculations can be reused several
times by a second method often called Final Gathering.

® Examples for methods that allow caching:

@ Radiosity
@ [rradiance Mapping
® Photon Mapping
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Bidirectional Path Tracing
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1.

construct individual paths from eye and from light
both terminated through Roussian Roulette

interconnect paths for all possible connections
between all possible truncated subpaths

compute whether connection is blocked
accumulate contribution with MIS to avoid bias

light path

eve path

" shadowrays -~ -
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light source
] eve point
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Bidirectional Path Tracing AV’ und Visualisierung

Literature

@ Eric P. Lafortune and Yves D. Willems. Bi-directional path-tracing.
In Computer Graphics (SIGGRAPH '93 Proceedings), pages 145-
153, Alvor, 1993,

® Eric Veach and Leonidas Guibas. Bidirectional estimators for light
transport. In Computer Graphics (SIGGRAPH 95 Proceedings),
pages 419-428, 1995.)

S. Gumhold - Path Based Rendering 12



VT,
“(( ve,‘ Computergraphik
AY" und Visualisierung

IMPLEMENTATION OF
BIDIRECTIONAL PATH TRACING
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Implementing BPT

® Veach 1997 introduces light paths x = xyx; ... x;, for all
edge lengths k = 1 from a light source location x, to a
location on the lense of the camera x;,

® outgoing direction wj of emission needed to evaluate
Lo(x0, @}) is given by w§ o« x; — x,.

@ pixel index j and subpixel location are given from
wt 1 « x, — x,_, and used to evaluate sensitivity
function W,

1 3
Le (Eo» wo) X5 \We(&p Wy
1 S
3 s
e“’{A 67 w3 “’ﬂ
x N\
0 - wg R w% ’4 X4
) 2 2 W3
w1 w3
¢ ¢ L L 2
x1 x3
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Path Measure fixed k

@ simplest approach: all path locations x; are sampled
according to the surface area dA4;.

® On the set Q, of paths of length k > 1 the product
measure du, = [[¥,dA4; is defined
Example: Average path length for k = 2:

~ 1
[y = J 2, — 20|l + ||, — 21 || iy
Mk(Qk) 0,

1
- x: — xoll + |lx, — 2+ ||dA,dA, dA
e [ [l mol + e - mllaa,anan,

scn Ascn Alns

with scene surface area A,., and lense area Ay,
@ No visibility is accounted for this example.
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@ To allow integration over paths of arbitrary length
Veach introduces the set Q of all paths and defines
the measure u from the u;, where each y;, is applied
to the subset Q; of paths with length «.

) := U Qp,  u(Q) = z g (Qg)

k=1 k=1
Example: Average path length of paths of length < k:

o, = J Zx —x;_4|l du
k “(Ul<kﬂ) ” J  Zj- 1”

l<k‘Q j=

- 1ul(ﬂ)zfz||xf xj_q| dp

i=10; j=1
e Overall average length: [ = lim I

k—>oo0 ~
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e® Given some path sampling scheme like path tracing or
light tracing that provides a path pdf p(x) a MC
estimator for a pixel j is

» 1% fi(x:)
X € l

® The path pdf p(x;) depends on the sampling scheme
and can involve pixel filter sampling, Roussian
Roulette, splitting of BRDF in components, cosine
term sampling, BRDF sampling, direct light sampling,
or MIS.

@ Each of these processes is assumed to be
independent of the others and therefore the path pdf
Is just the product of the process pdfs.
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Path Throughput

e Each pixel value is integrated as I; = [ __, fj(x)du(x)

® here f;(x) is the contribution of path x = xyx; ... x, to
pixel j and split into
fi(x = xoXy ... %) = Le (0, @5) T W, (24, 0™ )

@ with path throughput
k-1
— i—1 i+1
T(x) = G(x0,%1) l 1p(§i,wi L7 )G (X, Xi41)
A l:
Le (EO» w% X M/e(ﬁéb wz)
N Sy
Ow{‘ H w> w3 ’
XO wg - w% \vlzl, x4
2 2 w3
w7 w3
PN Y L _ o
x1 x3
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e allocate an eye image I£ for regular contributions and a light
image I* for contributions of direct eye samples each with M
pixels.

® generate N = nM eye-light-path pairs with RR (n = 25)

@ eye path: sample pixel and lens location, and then trace to a
path z terminated with RR at edge length t and compute p,(2)

o sample light source location and then trace path
terminated with RR at edge length s and compute p,(v)

® interconnect all possible path prefixes a to paths x, of edge
length k < s+ t+1and compute p(x,) = v, (V). (24)

@ do visibility test on edge that connects paths
@ discard path if edge is blocked as f; = 0.

@ otherwise compute throughput f; , and use MIS estimator
to add contribution to image pixels
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Bidirectional Path Tracing (BPT)

@ Careful! The same path can be generated in several different
ways: (s,t) € {(0,k — 1), (1, k — 2), ..., (k — 1,0)}
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® [he same path can be created with light or path tracing
with different probablities:

O generates the path from x, to x; such that
() = pi(xo)ri(x11%0) * v (X |X0 Xy oo Xpe—1)
® Note the dependency on preceding path vertices.

@ The last pdf p; (x| xoX; - Xx_1) describes sampling a point on
the lens where the dependency on xj,_; implements the
visibility test V(x_q, X ).

@ Path racing generates paths from x; to x, such that
De (X)) = DXk )De(Xh—11Xk) - v Pe (ol X1 .. X))

® again we have significant dependencies on preceding path
vertices.

® The last pdf pe(§0|§1 ...gk) Implements direct light sampling.
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® Area sampling is used only for initial light source
samples x, and direct light sampling

® In order to support sampling of directions w!*?! the
direction pdfs need to be converted to area pdfs.

® comparing the area with directional formulation of the
rendering equation demands for a geometry factor:

p(Xir1X0%s - %) = p(@; " x0xy - X;) - G(X1, Xi41)
® Here the visibility term V Is always one:

i+1 l
cosf; " ~cosO;, 4

- 1 +1
p(xis11%0%1 - x;) = p(@! " x021 . X;) - L
|2 =244

scene points x;;1 Not visible from x; are implicitly
assigned p(x;41]x0X; .. x;) = 0 in direction sampling.
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Bidirectional Path Tracing (BPT)

@ BPT connects light and path tracing by generating one path in
each direction and interconnecting them

e light path:y = y,...y., reversed eye path:z = z,...z,
e ifV(y,z;)=1onecan connect paths:
X =Xg..X =V°Z =Y0..VsZ¢... Z
® here s andt are edge lengths and connected to path of edge
lengthk =s+t+ 1.

@ yand z are sampled independently:[ps,t(x) = pl,s(y)pe,t(z)}

=01:Pec(2) =0, (Vo) + oo 01 (V) *Pe(Zr) - oo s D (20)
=p1(xg) * oo D1 (Xs) * Pe(Xg1) + s Pe(Xy)

1
Le (EO' wO) Xo) = Z VVe(EéL' wﬁ)
| —— i;::f
o q
X0 = Yo X4 = Zy
Ve, 22)
. - o e ¢
X1 =Y X3 = 74
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BPT Sampling techniques

® cach tuple @ = (s,t) with s + t + 1 = k defines different
sampling strategy p, of path x with the special cases

® path tracing:

® s = —1 ... no light path, eye path hits light [path tracing]
(=» light sources must be part of the scene, ignored here)

@ s =0 ... light path consists of one light source point
(these paths correspond to direct light sampling)
@ light tracing

@ t = —1 ... no eye path, light path hits eye [light tracing]
(=» eye lens must be part of scene, also ignored here)

e t =0 ... eye path consists of one lens point important for
(these paths correspond to direct eye sampling. caustics!
reason for secondary sample buffer)

G V4 G %{;

= —1 ! ! t=0 ! !/"/
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BPT meets MIS

® Given a path x of edge length k we use multiple
importance sampling over all strategies that can
generate x to avoid bias. Recap: power heuristics:
AMIS _ v L1y, (. f(xi) B _ (nmi(x))ﬁ
N = Zig, Zf=1‘“l(xw)pi(xi,j)' O (X) = 5 )P
® LetusdefineS, = {0,k —1),(1,k —2),..,( 0}

® We choosen, = 1forall a € Sy:

, £;(x) Pa |
. — 2 , — typically
J,MIS Wy pa(x) Wy B -

QaES} aES) P
@ Conclusion: for a given path sampled according to
a € S, we therefore need to be able also to compute
all other probabilities pz(x) with @ € S;.
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@ For a given prefix path combination x; ,

x2=Z2

xO = yO /// x4 - ZO

. . ca N
X1 =V X3 = 275

® we need to compute the pdfs of all other combinations
ﬁ ® Xo=Yo 2 X1 =YV12X2=)Y2 X3 =)Y3 9 Xy =2
® X =Yoo 2 X1 =YV12X2=Y2 9O X3 =2Z1 € Xy= 2
@ ®x =Yy, 0oX =Y, OX; =27, « X3 =271 « X4= 7
@ ® Xo =Yoo O X1, =23 <Xy =2y < X3 =121 < Xy=Z
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® |Implementation of BPT without multiple importance
sampling has additional artefacts where faces meet as
the geometry term 1/r% can become very large

without MIS with MIS
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Russian Roulette in BPT

® Russian Roulette is used to terminate the light and the eye
paths if a coin tlip with success probability Sjighti / Seye, falls.

@ To account for Russian Roulette we multiply in each tracing
step Siight (Seye) 10 the path probabilities:

" (x0) = p1(x0)

PFR(&EO) = S0 pFR(Eo)

D (xigalxo %) = 515 01" (il %0 - Xi-1)
(similarly for the eye path)

e finally we combine: pff(x) = pS [ (WpEE(2)

@ \each proposes to set success probabilities s, ; to one for
small i and for larger i one first samples the next direction

w!*and then computes
i-1 i+l
p(x; i, ] )}

" p(Xi41]X0 - X;)

Sei = min{l
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; . “K(.‘v,‘ Computergraphik
Incremental Weight Computation &Y' und Visualisierung

® One can rearrange the weight computation:

_ (pERw)” pER )\’
e 1/ ;k <p§R(x))

B u—
Za (P§R(x))
: pER(x) :
® Thus only fractions gz = p%R(x) are relevant, which can
- par(x)
be generated incrementally from g, = SRR (o) = 1.

(x5+1|x0...x5)

® lengthen light path: gg4+1¢-1 = qs¢ -

pgR(xs+1|xs+2---xk)

pgR(x5|xS+1...xk)

(x5|x0 ...xS_l)

® lengthen eye path: qs_q1¢41 = st
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Efficient Sampling with path groups

@ More efficient generation of path samples can be
achieved by forming them in groups

@ after sampling light and eye paths with RR one can

combine all possible path prefixes with § < s,f < ¢
t=3 t=2 t=1 t=0

s=0|X03 | X02 | X01 | Xo0,0 Yo

1

s=1|X13 | X12 | X11 | X10 | V1
l

— X X X X
s=2 2,3 2,2 2,1 2,0 y2

Zy «— Zy, « Z1 < Z

® again incremental computation helps
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® [or each path sample x we need to compute the
contribution
fi(x)

g (x)

® \/each describes an efficient scheme to compute the
weights w, and the unweighted contribution C,
incrementally during generation of all path samples x
from a sample group.

® Another even more efficient scheme is described in
Georgiev 2012 (see script on cache based methods)

® |n both approaches most geometry factors in f;(x)
cancel out with the pdf conversion geometry factors in

pER(x) such that the directional pdfs can be used
directly.

— Ol—
CC( _wCZCC( _wa
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® no there are still problems with LS

® to solve this we need cache based methods
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METROPOLIS LIGHT
TRANSPORT
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Metropolis Sampling of 2D pdf VAW i Visuatisierung

e goal: generate 2D pixel
locations x; distributed
according to p(x) « f(x)
with f(x) given as grey
scale image

e idea: start with random
location x, and then
randomly permute by
choosing x;,4 in pixel
neighborhood of x;

e question: How to reject
new sample such that
resulting chain of f(x)
samples is distributed B
according to p(x)?
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Metropolis Sampling
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e input: f:Q > R™
e output: sample chain

aniNP(x)=@

with F = [ f(x)dx.
Ansatz:

e start with x, € Q

e define random process
from process probability

K(ylx)
e generate chain
Xiv1 ~ K(xi11]%;)

Analysis:
e propagation of pdf:

Pia(y) = fﬂz{mx)p(x)dy

@ in case of convergence we
arrive at equilibrium pdf pe,

Do () = fﬂmmx)pw(x)dy

@ equilibrium is stable if
exchange of probability
between two points x and
y IS stable:
prob(x — y) = prob(y - x)

=

K(ylx)p(x) = K(x|y)p(y)
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e output: sample chain Acceptance:
&) e derive a(y|x) from
Q3% ~px) =— equilibrium condition:
@ equilibrium is stable if e K(ylx)p(x) = K(x|y)n(y)
Kylopx) = K(x[y)p(y) e T(y|lx)a(ylx)f(x)/F =
Approach: T(xly)aCx|y)f(y)/F
e with transition probability o a(y|x) _ Txly) f»)
T(y|x) a(xly) — TOI) f(x)
e & acceptance probability e fast convergence has been
a(y|x) shown for
e split process K (y|x) into _ o TEIY) fO)
transition and acceptance a(ylx) = min 1’T(y|x) f(x)

K(ylx) =TQlx) - a(ylx) Lena Image example:
® T'(y|a) ... const on nxn neigh

® a(y|x) = min{l, f(¥)/f (x)}
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Discussion of Metropolis Sampling
@ [ransition Xx—Yy Is Interpreted as mutation

@ Samples in Markov chain are distributed according to f/F
only after convergence. Before there is a bias.

e How many samples | need to be skipped at head of chain?

e Surrounding of samples with high contribution are
explored by Metropolis sampler automatically.

@ \/ariance can be minimized if acceptance probability is
maximized. The choice of T(y|x) significantly influences
a(y|x). Theoretically, the perfect choice is

L T y)}z1
f(OT (Y] %)

T(y[x)=1(y)/F :a(ylx)zmin{
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Metropolis Light Transport

Waixy x;3) -
Pfad Integral Formulation F) X0 X
e Starting point is measurement equation for pixel j

b; = j jWemi (P < Q)L(p < 9)G(p,q)dAdA,
Ap Ay

e Recursively, plugging in tracing and reflection into incoming light, the
Integral can be reparameterized over paths. The integration domain is
union of sets of all paths over increasing length k: o

Q=g
k=1

e Over 0 a product measure is defined over one area measure dA of
the scene surfaces per vertex in paths of length k: dgg=dA,-...-dA,

e From this a measure du=2, 14, on the set of all paths Qis defined
e This yields
(X =0;1(x)  o;,(X)=We; (P, < P,_,)
D, = j f.(x)du
Q

00 =Lun (P, < P[] (R, , < PG(P,., )
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Application of MLT to Pathtracing k ke R
e cach Markov Chain generates a ,,

COmplete Image multi chain perturbation ;'

@ mutations rearrange paths by
e Replacement of parts. Important: all possible :
paths must be reachable (Ergodicity) . !

e Movement of path points to explore caustics A ;
e Monte-Carlo Integration is simply done L ey
by counting the contributions per pixel j: < 5

®, = [0, f(X)du=> —
. 1o x)f(x) FQ
¢j=ﬁ2 : =—2 @;(X)
i=1
e F is the total light power over the whole

= p(X;) N
iImage and can be estimated for example
by bidirectional pathtracing.
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Metropolis Light Transport

Algorithmus
e Bidirectional Pathtracing
e estimate F
@ choose nrepresentative seed paths for Markov Chains

e Metropolis sampling of each Chain
@ input: x = X,, compute f(x)
e [nitialize to black image
® iterate N times
o [y, T(yjx), T(xly)] = mutate(x), compute f(y)

1 T(x|y) f(y)}
"T(y|x) f(x)

@ if (random() <a) [x, f{(X)] = [y, f(y)]
® record sample X in image
e termination criterion is defined based on image
comparison
@ result Is average over per chain Images

e a:min{
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Ergebnisse

@ Comparison of Metropolis Light Transport (MLT) with
Pathtracing (PT) and Bidirectional Pathtracing (BPT)

e Compute different error norms (L,, L, and L_) with respect
to reference image of different methods for fixed
computation time

e The following tables shows error values of other methods
(PT and BPT) over error value of MLT:

Test Case P11 vs. MLT BPT vs. MLT

[1 l2 [oo [1 [2 [ oo
Fig. 5 7.7 | 11.7 | 40.0 || 4.2 | 6.5 6.1
Fig. 6 (top) || 2.4 4.8 | 21.4 | 0.9 | 2.1 | 13.7
Fig. 7 3.2 4.7 5.0 || 4.2 | 6.5 6.1
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Metropolis Light Transport

Figure 5
BPT

BPT vs. MLT
[ [o [oo

5.2 | 4.9 | 13.2

MLT
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Metropolis Light Transport

Figure 6

BPT vs. MLIT

[1 [2 [

0.9 [ 2.1 [ 13.7
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Metropolis Light Transport A i Vimeatsiruns
Figure 7 | ' |
BPT
BPT vs. MLT
ll ZQ loo

4.2 | 6.5 6.1

MLT
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Literature

@ Metropolis Light Transport, Eric \Veach and Leonidas J. Guibas,
SIGGRAPH 97 Proceedings (August 1997), Addison-Wesley,

pp. 65-76 (pdf)
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